Heavy quark spin multiplet structure of $P_c$-like pentaquark as P-wave
  hadronic molecular state by Shimizu, Yuki et al.
Heavy quark spin multiplet structure of Pc-like pentaquark as P-wave hadronic
molecular state
Yuki Shimizu,1, ∗ Yasuhiro Yamaguchi,2, † and Masayasu Harada1, ‡
1Department of Physics, Nagoya University, Nagoya 464-8602, Japan
2Theoretical Research Division, Nishina Center, RIKEN, Hirosawa, Wako, Saitama 351-0198, Japan
(Dated: January 29, 2019)
We study the heavy quark spin (HQS) multiplet structure of P-wave QQ¯qqq-type pentaquarks
treated as molecules of a heavy meson and a heavy baryon. We define the light-cloud spin (LCS)
basis decomposing the meson-baryon spin wavefunction into the LCS and HQS parts. Introducing
the LCS basis, we find HQS multiplets classified by the LCS; five HQS singlets, two HQS doublets,
and three HQS triplets. We construct the one-pion exchange potential respecting the heavy quark
spin and chiral symmetries to demonstrate which HQS multiplets are realized as a bound state. By
solving the coupled channel Schro¨dinger equations, we study the heavy meson-baryon systems with
I = 1/2 and JP = (1/2+, 3/2+, 5/2+, 7/2+). The bound states which have same LCS structure
are degenerate at the heavy quark limit, and the degeneracy is resolved for finite mass. This HQS
multiplet structure will be measured in the future experiments.
I. INTRODUCTION
In 2015, the Large Hadron Collider beauty experiment
(LHCb) collaboration observed two hidden charm pen-
taquarks, P+c (4380) and P
+
c (4450) [1–3]. Their masses
are MPc(4380) = 4380 ± 8 ± 28 MeV and MPc(4450) =
4449.8±1.7±2.5 MeV, and decay widths are ΓPc(4380) =
205 ± 18 ± 86 MeV and ΓPc(4450) = 39 ± 5 ± 19 MeV.
Their spin and parity are not determined. The one state
has J = 3/2 and the other has J = 5/2 and their parity
is opposite.
The Pc pentaquarks have a charm quark and an anti-
charm quark. They are called the hidden-charm pen-
taquarks. There were some theoretical works of hidden-
charm pentaquarks before the LHCb announcement [4–
7]. After the LHCb observation, many theoretical stud-
ies in various ways have been conducted: hadronic
molecular picture [8–23], quark model estimation [24–
26], diquark picture [27–31], quark-cluster model[32],
baryocharmonium model[33], hadroquarkonia model[34],
soliton model[35], holographic QCD [36], and hadronic
molecule coupled with five-quark state [37]. Some review
papers are also published [38–40].
The hadronic molecular picture is one of the highly
possible model around the hadron threshold. The thresh-
old of D¯Σ∗c is 4385.3 MeV and D¯
∗Σc is 4462.2 MeV.
These values are slightly above the mass of Pc(4380) and
Pc(4450), respectively. Therefore, the Pc pentaquarks
can be considered as the loosely bound states of a
charmed meson and a charmed baryon.
In the heavy quark effective theory, the spin dependent
interaction of heavy quark is suppressed by the inverse
of the heavy quark mass, 1/mQ. At the heavy quark
limit, therefore, the dynamics is independent of the trans-
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formation of the heavy quark spin. This is called the
heavy quark spin symmetry (HQSS). The suppression of
the spin dependent force causes the decomposition of the
heavy quark spin and the light-cloud spin at the heavy
quark limit [41–45] :
~J = ~slight + ~sheavy . (1)
The total angular momentum ~J is a conserved quantity,
and the heavy quark spin ~sheavy is conserved at heavy
quark limit. Then, the light-cloud spin ~slight is also con-
served.
The HQSS leads to the mass degeneracy between the
heavy hadrons with different spin. Considering a heavy
meson P (∗) ∼ Qq¯ with a heavy quark Q and an anti-light
quark q¯, the total spin of Qq¯ is
J± = 1/2± 1/2 , (2)
and J+ = 1 (J− = 0) for the vector meson P ∗ (the
pseudoscalar meson P ), because of the quark spin 1/2.
Their difference comes from the spin configuration of the
light cloud and heavy quark spins. However, the system
is independent of the heavy quark spin and as a result,
the spin 0 state P and the spin 1 state P ∗ degenerate
at heavy quark limit. This structure is called the HQS
doublet.
In the real world, however, the quark masses are fi-
nite, so that there exists a mass difference between the
pseudoscalar and vector mesons. For example, the mass
difference between pseudoscalar meson K and vector me-
son K∗ is about 400 MeV. By contrast, the mass splitting
between D and D∗ is about 140MeV and between B and
B∗ is 45MeV. The mass difference is much smaller in the
charm and bottom quark sectors than in the light quark
sector. There is a same tendnecy in the single heavy
baryon. The mass difference between spin 1/2 baryon Σc
and spin 3/2 baryon Σ∗c is about 65 MeV, and Σb and Σ
∗
b
is about 20 MeV. The HQSS approximately exists in the
heavy quark sector.
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2The purpose of this work is to study the HQS mul-
tiplet structure of QQ¯qqq-type pentaquarks as hadronic
molecular states of a P¯ (∗) meson and a Σ(∗)Q baryon. Here
P¯ and P¯ ∗ denote mesons with JP = 0− and 1− with an
anti-heavy quark like D¯ and D¯∗ mesons, and ΣQ and
Σ∗Q the baryons with J
P = 1/2+ and 3/2+ with a heavy
quark like Σc and Σ
∗
c baryons. We note that the HQS
doublet structure of single heavy hadrons such as P¯ (∗)
and Σ
(∗)
Q is well known. Furthermore, the HQS multiplet
structure of multi-hadron system with single heavy quark
like P¯ (∗)N molecular states has been studied in Refs. [46–
48]. On the other hand, the HQS multiplet structure of
doubly heavy hadrons likeQQ¯qqq pentaquarks is nontriv-
ial. Hence, it is interesting to investigate the HQS mul-
tiplet structure of heavy meson-baryon molecular states.
In Ref. [49], the HQS multiplet structure of P¯ (∗)Σ(∗)Q
with S-wave has been studied. The analysis of the S-wave
state covers the negative parity Pentaquarks. However,
one of the P+c pentaquarks has the positive parity. Ac-
cordingly, we study possible positive parity states by con-
sidering P-wave molecular states of P¯ (∗) and Σ(∗)Q in the
present paper. We define the light-cloud spin (LCS) basis
introduced in Ref. [49] which is useful to investigate the
HQS multiplet structure. Although the hadronic molec-
ular (HM) basis is simple to consider the possible total
spin state and to construct the potentials, it is not useful
to investigate the HQS multiplet structure because the
heavy quark spin and the light-cloud spin are not sepa-
rated in this basis. In the light-cloud spin (LCS) basis,
however, these spins are separated explicitly as shown in
Eq. (1). Below we shall transform the HM basis to the
LCS basis and study the HQS multiplet structure. More-
over, we demonstrate which multiplets can be bound un-
der the one-pion exchange potential (OPEP) from the
heavy hadron effective theory.
This paper is organized as follows. In Sec. II we con-
struct the HM basis of the P¯ (∗)Σ(∗)Q states and transfer
it to LCS basis to discuss the HQS multiplet structure.
The OPEP is shown in Sec. III. In Sec. IV, we summarize
the numerical results. Finally, Sec. V is a summary and
discussion.
II. HQS MULTIPLET STRUCTURE OF P¯ (∗)Σ(∗)Q
WITH P-WAVE
In this section, we consider the HQS multiplet of P-
wave states. First, we construct the hadronic molecular
(HM) basis of the P¯ (∗)Σ(∗)Q states. The possible spin
states and meson-baryon components with given JP are
shown in Tab. I. Giving the P¯ (∗)Σ(∗)Q component with
total spin S, we obtain the spin structure in the HM basis
and the possible total angular momentum J as follows:
P¯ΣQ
(
2P
)
=
[
P
[[
Q¯q
]
0
[Q [d]1]1/2
]
1/2
]
=
1
2
⊕ 3
2
, (3)
P¯Σ∗Q
(
4P
)
=
[
P
[[
Q¯q
]
0
[Q [d]1]3/2
]
3/2
]
=
1
2
⊕ 3
2
⊕ 5
2
,
(4)
P¯ ∗ΣQ
(
2P
)
=
[
P
[[
Q¯q
]
1
[Q [d]1]1/2
]
1/2
]
=
1
2
⊕ 3
2
, (5)
P¯ ∗ΣQ
(
4P
)
=
[
P
[[
Q¯q
]
1
[Q [d]1]1/2
]
3/2
]
=
1
2
⊕ 3
2
⊕ 5
2
,
(6)
P¯ ∗Σ∗Q
(
2P
)
=
[
P
[[
Q¯q
]
1
[Q [d]1]3/2
]
1/2
]
=
1
2
⊕ 3
2
, (7)
P¯ ∗Σ∗Q
(
4P
)
=
[
P
[[
Q¯q
]
1
[Q [d]1]3/2
]
3/2
]
=
1
2
⊕ 3
2
⊕ 5
2
,
(8)
P¯ ∗Σ∗Q
(
6P
)
=
[
P
[[
Q¯q
]
1
[Q [d]1]3/2
]
5/2
]
=
3
2
⊕ 5
2
⊕ 7
2
,
(9)
where
[
L
[[
Q¯q
]
s1
[Q[d]1]s2
]
S
]
implies that the P¯ (∗) ∼ Q¯q
meson with spin s1 and the Σ
(∗)
Q ∼ Qd baryon (d =
qq is a light diquark) with spin s2 are combined into a
P¯ (∗)Σ(∗)Q composite state with the total spin S and the
orbital angular momentum L. [d]1 implies that the spin
of the diquark is 1. HM basis is simple to construct the
possible spin states because it is just the coupling of the
spins of the meson and baryon and the orbital angular
momentum. However, HM basis is not suitable to discuss
the HQS multiplet structure. The heavy quark spin and
the light-cloud spin are independently conserved in the
heavy quark limit. Thereby, the heavy quark spin and
the other spin must be treated separately. We define the
light-cloud spin (LCS) basis as a suitable basis to study
the structure of HQS multiplets.
In the LCS basis, the spin structures are rewritten as
follows :
(s-1) :
[[
Q¯Q
]
0
[
P [q [d]1]1/2
]
1/2
]
=
1
2
, (10)
(s-2) :
[[
Q¯Q
]
0
[
P [q [d]1]3/2
]
1/2
]
=
1
2
, (11)
(s-3) :
[[
Q¯Q
]
0
[
P [q [d]1]1/2
]
3/2
]
=
3
2
, (12)
(s-4) :
[[
Q¯Q
]
0
[
P [q [d]1]3/2
]
3/2
]
=
3
2
, (13)
(s-5) :
[[
Q¯Q
]
0
[
P [q [d]1]3/2
]
5/2
]
=
5
2
, (14)
(d-1) :
[[
Q¯Q
]
1
[
P [q [d]1]1/2
]
1/2
]
=
1
2
⊕ 3
2
, (15)
(d-2) :
[[
Q¯Q
]
1
[
P [q [d]1]3/2
]
1/2
]
=
1
2
⊕ 3
2
, (16)
(t-1) :
[[
Q¯Q
]
1
[
P [q [d]1]1/2
]
3/2
]
=
1
2
⊕ 3
2
⊕ 5
2
, (17)
3TABLE I. Possible spin states of the P-wave P¯ (∗)Σ(∗)Q molecular states with given J
P .
(
2S+1LJ
)
denotes the total spin of
meson and baryon S, the orbital angular momentum L, and the total angular momentum J .
JP
1
2
+
P¯ΣQ
(
2P1/2
)
, P¯Σ∗Q
(
4P1/2
)
, P¯ ∗ΣQ
(
2P1/2
)
, P¯ ∗ΣQ
(
4P1/2
)
, P¯ ∗Σ∗Q
(
2P1/2
)
, P¯ ∗Σ∗Q
(
4P1/2
)
3
2
+
P¯ΣQ
(
2P3/2
)
, P¯Σ∗Q
(
4P3/2
)
, P¯ ∗ΣQ
(
2P3/2
)
, P¯ ∗ΣQ
(
4P3/2
)
, P¯ ∗Σ∗Q
(
2P3/2
)
, P¯ ∗Σ∗Q
(
4P3/2
)
, P¯ ∗Σ∗Q
(
6P3/2
)
5
2
+
P¯Σ∗Q
(
4P5/2
)
, P¯ ∗ΣQ
(
4P5/2
)
, P¯ ∗Σ∗Q
(
4P5/2
)
, P¯ ∗Σ∗Q
(
6P5/2
)
7
2
+
P¯ ∗Σ∗Q
(
6P7/2
)
(t-2) :
[[
Q¯Q
]
1
[
P [q [d]1]3/2
]
3/2
]
=
1
2
⊕ 3
2
⊕ 5
2
, (18)
(t-3) :
[[
Q¯Q
]
1
[
P [q [d]1]3/2
]
5/2
]
=
3
2
⊕ 5
2
⊕ 7
2
, (19)
where
[
Q¯Q
]
s1
[
P [q [d]1]s2
]
s3
implies the followings: A
heavy quark Q and an anti-heavy quark Q¯ are combined
into a state with spin s1 in S-wave. Spins of a light quark
q and a diquark d are coupled to spin s2 and the total
spin of the combined state in P-wave is given by s3. The
right hand side of the equation shows the possible spins
of the combined pentaquark states. There exist five HQS
singlets (s-1 to s-5), two HQS doublets (d-1 and d-2), and
three HQS triplets (t-1 to t-3). The HQS triplet does not
exist in single heavy hadrons. It is a feature of the multi-
heavy quark system. The basis transformation is done
by
ψLCSJP = U
−1
JP
ψHMJP , (20)
where the U is a transformation matrix determined by
the Clebsch-Gordan coefficient to reconstruct the spin
structure. The detail of the basis transformation is sum-
marized in Appendix A. It is to be noted that the two
heavy quarks are labeled by the same velocity v to clas-
sify the pentaquark states based on the heavy quark spin
symmetry.
III. POTENTIALS
In the previous section, we showed that there are ten
multiplets in the P-wave P¯ (∗)Σ(∗)Q molecular states. In
this section, we demonstrate that which of the multi-
plets can be bound by using one-pion exchange potential
(OPEP). We construct the OPEP for P¯ (∗)Σ(∗)Q molecular
states based on the heavy hadron effective theory.
The P¯ (∗) meson and pion interaction Lagrangian is
given in Refs.[50–54], and the Σ
(∗)
Q baryon and pion in-
teraction Lagrangian is given in Refs.[53, 55]. See also
our previous paper [49].
When we construct the OPEP from effective La-
grangians, we introduce a cutoff parameter Λ via the
monopole type form factor
F (q) =
Λ2 −m2pi
Λ2 + |~q |2 , (21)
at each vertex, where mpi is the mass of the exchanging
pion, and ~q is its momentum. We use the same cutoff
for P¯ (∗)P¯ (∗)pi and Σ(∗)Q Σ
(∗)
Q pi vertices for simplicity, and
fix the value of cutoff 1000 MeV and 1500 MeV. The
obtained potential matrices in the HM basis are sum-
marized in Appendix A. We note that contact terms are
subtracted from the potentials, because in a conventional
way, the OPEP has been considered at large distance [56].
Furthermore, we study the cases where the final pen-
taquarks carry isospin 1/2, because Pc pentaquarks carry
I = 1/2.
The potential matrices can be also transformed to LCS
basis by using the unitary matrix U as follows:
V LCS1/2+ = U
−1
1/2+V
HM
1/2+U1/2+
=

C −
√
2
2 T 0 0 0 0
−
√
2
2 T − 12C + T 0 0 0 0
0 0 C −
√
2
2 T 0 0
0 0 −
√
2
2 T − 12C + T 0 0
0 0 0 0 C
√
5
10 T
0 0 0 0
√
5
10 T − 12C − 45T

gg1
f2pi
, (22)
4V LCS3/2+ = U
−1
3/2+V
HM
3/2+U3/2+
=

C
√
5
10 T 0 0 0 0 0√
5
10 T − 12C − 45T 0 0 0 0 0
0 0 C −
√
2
2 T 0 0 0
0 0 −
√
2
2 T − 12C + T 0 0 0
0 0 0 0 C
√
5
10 T 0
0 0 0 0
√
5
10 T − 12C − 45T 0
0 0 0 0 0 0 − 12C + 15T

gg1
f2pi
, (23)
V LCS5/2+ = U
−1
5/2+V
HM
5/2+U5/2+
=

− 12C + 15T 0 0 0
0 C
√
5
10 T 0
0
√
5
10 T − 12C − 45T 0
0 0 0 − 12C + 15T
 gg1f2pi , (24)
V LCS7/2+ = U
−1
7/2+V
HM
7/2+U7/2+
=
gg1
f2pi
[
−1
2
C +
1
5
T
]
, (25)
where the functions C(mpi, r,Λ) and T (mpi, r,Λ) are the
spin-spin potential and tensor potential, respectively. We
omitted the arguments of potentials in the above equa-
tions. Their explicit forms are given by
C(mpi, r,Λ) =
m2pi
4pi
[
e−mpir − e−Λr
r
− Λ
2 −m2pi
2Λ
e−Λr
]
,
(26)
T (mpi, r,Λ) =
m3pi
4pi
H3(mpi,Λ, r) , (27)
H3(mpi,Λ, r) =
1
m3pi
[
m2pir
2 + 3mpir + 3
r3
e−mpir
−Λ
2r2 + 3Λr + 3
r3
e−Λr
−Λ
2 −m2pi
2r
e−Λr − Λ
3 − Λm2pi
2
e−Λr
]
.
(28)
The typical shapes of C and T are shown in Fig.1. This
shows that the signs C and T are negative so as to be
attractive potentials. The heavy meson - pion coupling
constant |g| = 0.59 is determined by the decay of D∗ →
Dpi [57], the heavy baryon - pion coupling constant g1 =
0.94 is estimated by the quark model in Ref.[55], and the
pion decay constant is fpi = 92.4 MeV.
The block matrices of the above OPEPs in LCS basis
are classified by the HQS multiplet structure. For exam-
ple, the first 2 × 2 block in Eq.(22) is for HQS singlet
sector with the total spin 1/2. It corresponds to the first
and second component in Eq.(A6), or (s-1) component in
Eq.(10) and (s-2) in Eq.(11). Similarly, the second block
in Eq.(22) corresponds to the third and forth component
FIG. 1. Spin-spin potential C and tensor potential T with
the cutoff parameter Λ = 1000 MeV.
in Eq.(A6) which is for spin (1/2, 3/2) doublet, and the
third block in Eq.(22) corresponds to the fifth and sixth
component in Eq.(A6) which is for spin (1/2, 3/2, 5/2)
triplet.
The component of block matrix is determined by the
structure of the light-cloud spin. For instance, the
first and second block in Eq.(22) are identical because
two 1/2 singlets and two (1/2, 3/2) doublets have the
same light-cloud spin structure,
[
P [q [d]1]1/2
]
1/2
and[
P [q [d]1]3/2
]
1/2
, as shown in Eq.(A6).
IV. NUMERICAL RESULT
In this section we show the binding energy obtained by
solving the coupled channel Schro¨dinger equation under
the OPEPs obtained in the previous section. We use the
Gaussian expansion method [58] to solve the Schro¨dinger
5TABLE II. Masses of relevant charmed and bottomed
hadrons [57].
D¯ D¯∗ B B∗
Mass[MeV] 1867.21 2008.56 5279.48 5324.65
Σc Σ
∗
c Σb Σ
∗
b
Mass[MeV] 2453.54 2518.13 5813.4 5833.6
equations. As discussed in Ref.[49], the coupling constant
has a sign ambiguity. This ambiguity is the relative sign
between the heavy meson - pion coupling g and the heavy
baryon - pion coupling g1. We assign the same sign as
the quark model estimation in Ref.[55] as the sign of g1.
Therefore, we treat the sign uncertainty as the sign of g.
In this study, we investigate both cases.
We include the effect of the heavy quark spin symmetry
breaking by introducing the mass difference between two
heavy mesons (baryons) in one HQS doublet, namely P¯
and P¯ ∗ (ΣQ and Σ∗Q). We parameterize the heavy hadron
masses as done in Ref.[49] :
MP¯ = 2µ+
a
2µ
+
w
(2µ)2
, (29)
MP¯∗ = 2µ+
b
2µ
+
x
(2µ)2
, (30)
MΣQ = 2µ+
c
2µ
+
y
(2µ)2
, (31)
MΣ∗Q = 2µ+
d
2µ
+
z
(2µ)2
. (32)
The mass parameter µ controls the typical mass
scale. It corresponds to the averaged reduced mass of
P¯ΣQ, P¯Σ
∗
Q, P¯
∗ΣQ, and P¯ ∗Σ∗Q. We determine the eight
parameters a, b, c, d, w, x, y, and z to reproduce the eight
hadron masses shown in Table II. The value of eight pa-
rameters are summarized in Table III. When µ = 1.102
and 2.779 GeV, the charmed and the bottomed hadron
masses are reproduced, respectively. The heavy quark
spin symmetry restores as the mass parameter µ in-
creases.
Firstly, we show the numerical results obtained by solv-
ing the coupled channel Schro¨dinger equations for each
structure of light-cloud spin in the case of g = +0.59.
In this case, the multiplets which have the light-clouds[
P [q [d]1]1/2
]
1/2
and
[
P [q [d]1]3/2
]
3/2
are attractive. In
Fig.2, we show the energy of
[
P [q [d]1]1/2
]
1/2
, which cor-
responds to the spin 1/2 singlet (s-1) in Eq. (10) and
spin (1/2, 3/2) doublet (d-1) in Eq. (15). The labels in
Fig. 2 to Fig. 6 are named by a main component of the
wave function at the heavy quark limit. Here, all the
energies for three states are measured from the lowest
threshold of P¯ΣQ. Their energies are almost degenerate
at whole range of µ. Next, in Fig. 3, we show the energy
of
[
P [q [d]1]3/2
]
3/2
, which corresponds to the spin 3/2
singlet (s-4) in Eq. (13) and spin (1/2, 3/2, 5/2) triplet
FIG. 2. Energies for singlet-1 and doublet-1 which have the
light-cloud spin structure of
[
P
[
q [d]1
]
1/2
]
1/2
with g = +0.59.
The cutoff parameter is Λ = 1000 MeV (upper figure) and
Λ = 1500 MeV (lower figure) . The energy is measured from
the threshold of P¯ΣQ. Reduced mass parameter is changed
from 1 GeV to 100 GeV. The labels are defined by the main
component at heavy quark limit.
(t-2) in Eq. (18). We note that the lowest threthold of
the spin 1/2 and 3/2 states is P¯ΣQ, while that of the
spin 5/2 state is P¯Σ∗Q. Then, the energies of spin-5/2
state shown in Fig. 3 (and Figs. 4 and 6) are positive
even if they are bound states. For example, in the result
of Λ = 1000 MeV, the mass of spin 5/2 state is 4381.6
MeV at µ = 1.102 GeV. This value is very close to the
mass of P+c (4380).
Next, we show the result of g = −0.59 . The
multiplets with
[
P [q [d]1]1/2
]
3/2
,
[
P [q [d]1]3/2
]
1/2
, and[
P [q [d]1]3/2
]
5/2
are attractive. We show the energy of[
P [q [d]1]1/2
]
3/2
in Fig. 4, which corresponds to the
spin 3/2 singlet (s-3) in Eq.(12) and spin (1/2, 3/2, 5/2)
triplet (t-1) in Eq.(17). The lowest threthold of the spin
1/2 and 3/2 states is P¯ΣQ, while the spin 5/2 state is
P¯Σ∗Q. Next, the energy of
[
P [q [d]1]3/2
]
1/2
is shown in
Fig. 5, which corresponds to the spin 1/2 singlet (s-2)
in Eq.(11) and spin (1/2, 3/2) doublet (d-2) in Eq.(16).
Finally, we show the energy of
[
P [q [d]1]3/2
]
5/2
in Fig. 6,
6TABLE III. Values of parameters to include the effect of heavy quark spin symmetry breaking in Eqs.(29)-(32).
a[GeV2] b[GeV2] c[GeV2] d[GeV2] w[GeV3] x[GeV3] y[GeV3] z[GeV3]
-2.0798 -1.8685 1.9889 2.0814 2.9468 3.1677 -3.1729 -3.0629
FIG. 3. Energies for singlet-4 and triplet-2 which have the
light-cloud spin structure of
[
P
[
q [d]1
]
3/2
]
3/2
with g = +0.59.
The cutoff parameter is Λ = 1000 MeV (upper figure) and
Λ = 1500 MeV (lower figure) .
which corresponds to the spin 5/2 singlet (s-5) in Eq.(14)
and spin (3/2, 5/2, 7/2) triplet (t-3) in Eq.(19). We note
that the threshold of the spin 7/2 state is measured from
P¯ ∗Σ∗Q . The difference of threshold values between P¯ΣQ
and P¯Σ∗Q is 73.774 MeV, and between P¯ΣQ and P¯
∗Σ∗Q
is 234.63 MeV at µ = 1.0 GeV.
The states which have same structure of light-cloud
spin are degenerate at heavy quark limit. However, the
heavy quark spin symmetry is broken for finite quark
mass, and the mass degeneracy is resolved. We summa-
rize the values of the masses of obtained bound states at
the charm region (µ = 1.102 GeV) and bottom region
(µ = 2.779 GeV) in Table IV-VII. For instance, in Table.
IV, the mass difference between JP = 3/2+ and 5/2+
in HQS triplet-3 is 64.2 MeV at µ = 1.102 GeV, and 24
MeV at µ = 2.779 GeV. This shows that the mass dif-
ference becomes smaller in the bottom sector. Although
the present study includes only OPEP, the mass degen-
FIG. 4. Energies for singlet-3 and triplet-1 which have the
light-cloud spin structure of
[
P
[
q [d]1
]
1/2
]
3/2
with g = −0.59.
The cutoff parameter is Λ = 1000 MeV (upper figure) and
Λ = 1500 MeV (lower figure) .
eracy should occur even using the more realistic poten-
tial model if the heavy quark spin symmetry exists in the
doubly heavy hadronic molecule. The search for the HQS
partner states of Pc-like pentaquark is very important to
understand the structure of heavy hadrons.
V. SUMMARY AND DISCUSSIONS
In Sec.II, we showed the HQS multiplet structure of
molecular states made from a heavy meson and a heavy
baryon in P-wave. There are five HQS singlets, two dou-
blets, and three triplets. The potential matrix is block
diagonalized in the LCS basis for each HQS multiplet
as shown in Sec. III. We obtained the binding energy by
solving the Schro¨dinger equation under OPEP in Sec. IV.
When g is positive, the spin 1/2 singlet (s-1), 3/2 sin-
glet (s-4), the blocks of the potential for (1/2, 3/2) dou-
7TABLE IV. Masses of bound states in unit of MeV with Λ = 1000 MeV and g = +0.59 at µ = 1.102 and 2.779 GeV.
µ [GeV] Spin 1/2 Spin 3/2 Spin 5/2
singlet-1 doublet-1 triplet-2 singlet-4 doublet-1 triplet-2 triplet-2
1.102 no bound no bound 4317.7 4317.1 no bound 4317.4 4381.6
2.779 no bound no bound 11025 11025 no bound 11025 11049
TABLE V. Masses of bound states in unit of MeV with Λ = 1500 MeV and g = +0.59 at µ = 1.102 and 2.779 GeV.
µ [GeV] Spin 1/2 Spin 3/2 Spin 5/2
singlet-1 doublet-1 triplet-2 singlet-4 doublet-1 triplet-2 triplet-2
1.102 no bound no bound 4225.4 4222.3 no bound 4223.7 4285.3
2.779 11060 11060 10752 10752 11060 10752 11060
TABLE VI. Masses of bound states in unit of MeV with Λ = 1000 MeV and g = −0.59 at µ = 1.102 and 2.779 GeV.
µ [GeV] Spin 1/2 Spin 3/2
singlet-2 doublet-2 triplet-1 singlet-3 doublet-2 triplet-1 triplet-3
1.102 4279.7 4281.0 no bound no bound 4280.0 no bound no bound
2.779 10947 10947 no bound no bound 10942 no bound no bound
Spin 5/2 Spin7/2
µ [GeV] singlet-5 triplet-1 triplet-3 triplet-3
1.102 no bound no bound no bound no bound
2.779 no bound no bound no bound no bound
TABLE VII. Masses of bound states in unit of MeV with Λ = 1500 MeV and g = −0.59 at µ = 1.102 and 2.779 GeV.
µ [GeV] Spin 1/2 Spin 3/2
singlet-2 doublet-2 triplet-1 singlet-3 doublet-2 triplet-1 triplet-3
1.102 3993.9 3998.7 no bound no bound 3994.9 no bound no bound
2.779 10401 10401 no bound no bound 10401 no bound no bound
Spin 5/2 Spin7/2
µ [GeV] singlet-5 triplet-1 triplet-3 triplet-3
1.102 no bound no bound no bound no bound
2.779 no bound no bound no bound no bound
blet (d-1), and (1/2, 3/2, 5/2) triplet (t-2) are attractive.
The blocks for other six multiplets, 1/2 singlet (s-2), 3/2
singlet (s-3), 5/2 singlet (s-5), (1/2, 3/2) doublet (d-2),
(1/2, 3/2, 5/2) triplet (t-1), and (3/2, 5/2, 7/2) triplet (t-
3) are attractive when g is negative. The behavior of
the binding energy is classified by the structure of the
light-cloud spin. As mentioned in Ref.[49], OPEP de-
pends only on the structure of the light-cloud spin since
the pion exchange interaction couples the light quark spin
and the orbital angular momentum. The HQS multiplets
having the same light-cloud structure are degenerate at
heavy quark limit. The mass degeneracy is resolved for
hidden-charm/bottom pentaquarks because of the finite
quark mass.
The mass of the JP = 5/2+ state in Tab. IV is close to
the one of P+c (4380). It’s HQS triplet partner states car-
rying JP = 1/2+ and 3/2+ exist around 4320 MeV. The
masses of their hidden-bottom flavor partner are 11025
MeV for JP = 1/2+ and 3/2+ states, and 11049 MeV for
5/2+ states. We expect that these partner states will be
found in future experiments.
When P+c (4380) is J
P = 5/2+, P+c (4450) should be
3/2−. We did not obtain such state in our previous work
[49], since the mass of P+c (4450) is above the threshold of
our coupled channel. The full coupled channel analysis of
D¯(∗)Λc−D¯(∗)Σ(∗)c using the complex scaling method was
done in Ref.[19], which shows that it seems to be difficult
to explain the mass and decay width of both Pc(4380) and
Pc(4450) at the same time. Moreover, Pc pentaquarks are
not reproduced by the estimation of compact five-body
8FIG. 5. Energies for singlet-2 and doublet-2 which have the
light-cloud spin structure of
[
P
[
q [d]1
]
3/2
]
1/2
with g = −0.59.
The cutoff parameter is Λ = 1000 MeV (upper figure) and
Λ = 1500 MeV (lower figure) .
pentaquark [26]. Some works argue that it is a thresh-
old cusp by kinematical effect [59–62]. More theoretical
efforts and experimental data are needed to reveal the
nature of the Pc pentaquarks.
We determined the names of the solutions by the dom-
inant component of the wave function, which we ob-
tain together with the binding energy when solving the
Schro¨dinger equation. For instance, in Fig.7 and Fig.8,
we show the obtained wave functions of singlet-1 and
triplet-2 with JP = 1/2+, for which the binding energies
are shown in Fig.2 and Fig.3, respectively. We note that
these wave functions are not normalized, therefore only
the ratio of components is meaningful. In both cases, the
change in the ratio of the wave functions when changing
the mass parameter is very small. In the case of the
finite quark mass, although the different components of
the HQS multiplet are mixed, the ratio is still small. This
shows that the effect of the symmetry breaking by the ki-
netic terms is small. When the mass parameter becomes
larger, the wave functions concentrate at a position where
the tensor potential becomes deep. This means that as
the mass increases, the kinetic term is suppressed and the
wave function is localized at the bottom of the attractive
potential.
To treat the heavy quark spin symmetry for doubly
heavy system, we assume that two heavy quarks in a pen-
FIG. 6. Energies for singlet-5 and triplet-3 which have the
light-cloud spin structure of
[
P
[
q [d]1
]
3/2
]
5/2
with g = −0.59.
The cutoff parameter is Λ = 1000 MeV (upper figure) and
Λ = 1500 MeV (lower figure) .
FIG. 7. Wave functions of singlet-1 state with JP = 1/2+,
g = +0.59 and Λ = 1000 MeV. The case of four different mass
parameters are shown.
taquark are labeled by the same velocity. This assump-
tion seems to be natural to the bound state because a
hadronic molecule breaks when the relative velocity be-
tween the meson and baryon is large. However, if the
heavy meson and heavy baryon are labeled by the same
velocity, they can not get the orbital angular momentum
exitation. To include the P-wave exitation we label one
hadron by v and another by v′, and assume that their dif-
9FIG. 8. Wave functions of triplet-2 state with JP = 1/2+,
g = +0.59 and Λ = 1000 MeV. The case of four different mass
parameters are shown.
ference is small. Namely, when v′ is written as v′ = v+δv
with the small quantity δv, we classify the HQS multi-
plet structure of P-wave states at the leading order of v′
by neglecting δv. We do not include the effect of δv in
the present study and leave the inclusion of its effects for
future publications.
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Appendix A: Basis transformation
We show the detail of the transformation from HM
basis to LCS basis. The wave function transformation is
done by Eq.(20). The component of wave functions in
HM basis for each spin state is
ψHM1/2+ =

P¯ΣQ
(
2P1/2
)
P¯Σ∗Q
(
4P1/2
)
P¯ ∗ΣQ
(
2P1/2
)
P¯ ∗ΣQ
(
4P1/2
)
P¯ ∗Σ∗Q
(
2P1/2
)
P¯ ∗Σ∗Q
(
4P1/2
)

, (A1)
ψHM3/2+ =

P¯ΣQ
(
2P3/2
)
P¯Σ∗Q
(
4P3/2
)
P¯ ∗ΣQ
(
2P3/2
)
P¯ ∗ΣQ
(
4P3/2
)
P¯ ∗Σ∗Q
(
2P3/2
)
P¯ ∗Σ∗Q
(
4P3/2
)
P¯ ∗Σ∗Q
(
6P3/2
)

, (A2)
ψHM5/2+ =

P¯Σ∗Q
(
4P5/2
)
P¯ ∗ΣQ
(
4P5/2
)
P¯ ∗Σ∗Q
(
4P5/2
)
P¯ ∗Σ∗Q
(
6P5/2
)
 , (A3)
ψHM7/2+ =
(
P¯ ∗Σ∗Q
(
6P7/2
) )
. (A4)
The basis transformation is done by
ψLCSJP = U
−1
JP
ψHMJP . (A5)
The component of wave functions in LCS basis is
ψLCS1/2+ =

[[
Q¯Q
]
0
[
P [q [d]1]1/2
]
1/2
]singlet−1
1/2[[
Q¯Q
]
0
[
P [q [d]1]3/2
]
1/2
]singlet−2
1/2[[
Q¯Q
]
1
[
P [q [d]1]1/2
]
1/2
]doublet−1
1/2[[
Q¯Q
]
1
[
P [q [d]1]3/2
]
1/2
]doublet−2
1/2[[
Q¯Q
]
1
[
P [q [d]1]1/2
]
3/2
]triplet−1
1/2[[
Q¯Q
]
1
[
P [q [d]1]3/2
]
3/2
]triplet−2
1/2

, (A6)
ψLCS3/2+ =

[[
Q¯Q
]
0
[
P [q [d]1]1/2
]
3/2
]singlet−3
3/2[[
Q¯Q
]
0
[
P [q [d]1]3/2
]
3/2
]singlet−4
3/2[[
Q¯Q
]
1
[
P [q [d]1]1/2
]
1/2
]doublet−1
3/2[[
Q¯Q
]
1
[
P [q [d]1]3/2
]
1/2
]doublet−2
3/2[[
Q¯Q
]
1
[
P [q [d]1]1/2
]
3/2
]triplet−1
3/2[[
Q¯Q
]
1
[
P [q [d]1]3/2
]
3/2
]triplet−2
3/2[[
Q¯Q
]
1
[
P [q [d]1]3/2
]
5/2
]triplet−3
3/2

, (A7)
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ψLCS5/2+ =

[[
Q¯Q
]
0
[
P [q [d]1]3/2
]
5/2
]singlet−5
5/2[[
Q¯Q
]
1
[
P [q [d]1]1/2
]
3/2
]triplet−1
5/2[[
Q¯Q
]
1
[
P [q [d]1]3/2
]
3/2
]triplet−2
5/2[[
Q¯Q
]
1
[
P [q [d]1]3/2
]
5/2
]triplet−3
5/2

, (A8)
ψLCS7/2+ =
( [[
Q¯Q
]
1
[
P [q [d]1]3/2
]
5/2
]triplet−3
7/2
)
. (A9)
The notation of spin structure is same with in Sec.II. The
transformation matrix U is determined by the Clebsch-
Gordan coefficient to reconstruct the spin structures from
HM basis to LCS basis.
U1/2+ =

1
2 0
√
3
18
2
√
6
9
√
6
9
√
30
9
0 12
2
√
6
9
5
√
3
18 −
√
3
9 −
√
15
9
−
√
3
6 0 − 518 2
√
2
9 − 5
√
2
9
√
10
9
0 −
√
3
3 − 2
√
2
9
5
9
1
9 − 2
√
5
9√
6
3 0 −
√
2
9 − 29 − 49 −
√
5
9
0
√
15
6 − 2
√
10
9
√
5
18
√
5
9 − 19

, (A10)
U3/2+ =

1
2 0 −
√
3
9
√
6
18 −
√
15
18
2
√
3
9
√
2
2
0 12 −
√
15
9
√
30
18
2
√
3
9
11
√
15
90 −
√
10
10
−
√
3
6 0
5
9
√
2
18
5
√
5
18
2
9
√
6
6
0 −
√
3
3
√
5
9
√
10
9 − 29 11
√
5
45 −
√
30
15√
6
3 0
2
√
2
9 − 118
√
10
9 −
√
2
9 −
√
3
6
0
√
15
6
5
9
√
2
18 − 2
√
5
9
11
90 −
√
6
30
0 0 0
√
3
2 0 −
√
6
5
1
10

, (A11)
U5/2+ =

1
2 −
√
3
3
√
15
15
√
35
10
−
√
3
3
1
3
2
√
5
15
√
105
15√
15
6
√
5
3
1
15
√
21
30
0 0
√
21
5 − 25
 , (A12)
U7/2+ = 1 . (A13)
In Sec.III we construct the one-pion exchange potential
from the heavy hadron effective Lagrangians in HM basis.
The detail of the OPEP matrix in HM basis is as follows
:
V HM1/2+ =

0 0 −
√
3
3 C
√
6
3 T
√
6
6 C
√
30
30 T
0 0
√
6
6 T −
√
3
6 C −
√
3
6 T −
√
3
6 T −
√
15
6 C +
2
√
15
15 T
−
√
3
3 C
√
6
6 T
2
3C
√
2
3 T
√
2
6 C
2
√
10
15 T√
6
3 T −
√
3
6 C −
√
3
6 T
√
2
3 T − 13C + 23T 16T
√
5
6 C −
√
5
30 T√
6
6 C −
√
3
6 T
√
2
6 C
1
6T
5
6C − 7
√
5
30 T√
30
30 T −
√
15
6 C +
2
√
15
15 T
2
√
10
15 T
√
5
6 C −
√
5
30 T − 7
√
5
30 T
1
3C +
8
15T

gg1
f2pi
, (A14)
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V HM3/2+ =

0 0 −
√
3
3
C −
√
15
15
T
√
6
6
C −
√
3
30
T 3
√
2
10
T
0 0 −
√
15
30
T −
√
3
6
C + 2
√
3
15
T
√
30
60
T −
√
15
6
C − 8
√
15
75
T 21
√
10
100
T
−
√
3
3
C −
√
15
30
T 2
3
C −
√
5
15
T
√
2
6
C − 2
15
T −
√
6
10
T
−
√
15
15
T −
√
3
6
C + 2
√
3
15
T −
√
5
15
T − 1
3
C − 8
15
T −
√
10
60
T
√
5
6
C + 2
√
5
75
T 7
√
30
100
T√
6
6
C
√
30
60
T
√
2
6
C −
√
10
60
T 5
6
C 7
√
2
60
T −
√
3
5
T
−
√
3
30
T −
√
15
6
C − 8
√
15
75
T − 2
15
T
√
5
6
C + 2
√
5
75
T 7
√
2
60
T 1
3
C − 32
75
T − 7
√
6
100
T
3
√
2
10
T 21
√
10
100
T −
√
6
10
T 7
√
30
100
T −
√
3
5
T − 7
√
6
100
T − 1
2
C + 14
25
T

gg1
f2pi
, (A15)
V HM5/2+ =

0 −
√
3
6 C −
√
3
30 T −
√
15
6 C +
2
√
15
75 T − 3
√
35
50 T
−
√
3
6 C −
√
3
30 T − 13C + 215T
√
5
6 C −
√
5
150T −
√
105
50 T
−
√
15
6 C +
2
√
15
75 T
√
5
6 C −
√
5
150T
1
3C +
8
75T
√
21
50 T
− 3
√
35
50 T −
√
105
50 T
√
21
50 T − 12C − 1625T
 gg1f2pi , (A16)
V HM7/2+ =
gg1
f2pi
[
−1
2
C +
1
5
T
]
. (A17)
The definition of the spin-spin potential C and tensor
potential T are written in Sec.III. The tranformation of
potential matrix from HM basis to LCS basis is done by
V LCSJP = U
−1
JP
V HMJP UJP . (A18)
The potential matrices in LCS basis are written in
Sec.III.
The kinetic term is defined by
KLi = −
1
2µi
(
∂2
∂r2
+
2
r
∂
∂r
− L(L+ 1)
r2
)
, (A19)
where i is a channel index, L is an orbital angular mo-
mentum, and µi is a reduced mass of channel i. The
kinetic term matrices for each JP in HM basis are as
follows :
KHM1/2+ = diag
[
K1P¯ΣQ ,K
1
P¯Σ∗Q
,K1P¯∗ΣQ ,
K1P¯∗ΣQ ,K
1
P¯∗Σ∗Q
,K1P¯∗Σ∗Q
]
, (A20)
KHM3/2+ = diag
[
K1P¯ΣQ ,K
1
P¯Σ∗Q
,K1P¯∗ΣQ ,
K1P¯∗ΣQ ,K
1
P¯∗Σ∗Q
,K1P¯∗Σ∗Q
,K1P¯∗Σ∗Q
]
, (A21)
KHM5/2+ = diag
[
K1P¯Σ∗Q
,K1P¯∗ΣQ ,K
1
P¯∗Σ∗Q
,K1P¯∗Σ∗Q
]
,
(A22)
KHM7/2+ = K
1
P¯∗Σ∗Q
. (A23)
The transformation to LCS basis is done by
KLCSJP = U
−1
JP
KHMJP UJP . (A24)
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